This paper is devoted to the study of existence and dependence of solutions of the first-order periodic boundary value problems involving the distributional Henstock-Kurzweil integral. The methods used are mainly the method of upper and lower solutions and a fixed point theorem.
Introduction
In this paper we study the existence of extremal solutions of the first-order periodic boundary value problem (PBVP for short)
Dx = f (t) + h(t, x), x() = x(T), (.) where Dx stands for the distributional derivative of x ∈ C[, T],  < T < ∞, h : [, T] × C[, T] → C[, T] and f is a distribution (generalized function)
. More precisely, we study the dependence of the extremal solutions of PBVP (.) on f and h. It is known that the notion of a distributional derivative is very general, including, for example, ordinary derivatives and approximate derivatives. The first-order PBVP of the form , by using the distributional derivative, PBVP (.) has been generalized to (.) in the case when h is continuous with respect to x. Results about the existence of solutions and the topological structure of the solution set are given.
In this paper, we study PBVP (.) in the case when h is monotone with respect to x and obtain some extended results. The outline of this paper is as follows. In Section  we define the distributional HenstockKurzweil integral or briefly the D HK -integral. We say that a distribution f is D HK -integrable ©2014 Liu et al.;  licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. In Section , by using the D HK -integral and the distributional derivative, we generalize PBVP (.) to (.). Our main tools are the method of upper and lower solutions and a fixed point theorem. The main result is Theorem ., which extends some corresponding results in [, ] . This section also contains an illustration of the results.
The distributional Henstock-Kurzweil integral
In this section, we present the definition and some basic properties of the distributional Henstock-Kurzweil integral.
Define the space
where the support of a function φ is the closure of the set on which φ does not vanish, denoted by supp(φ). A sequence {φ n } ⊂ C ∞ c converges to φ ∈ C ∞ c if there is a compact set K such that all φ n have supports in K and for every m ∈ N the sequence of mth derivatives φ For all f ∈ D , we recall that the distributional derivative Df of f is a distribution satisfying Df , φ = -f , φ , where φ is a test function and φ is the ordinary derivative of φ. With this definition, all distributions have derivatives of all orders and each derivative is a distribution.
Let (a, b) be an open interval in R. We define
Of course, D(a, b) is endowed with the above convergence property. The dual space of
Define C [a, b] to be the space of continuous functions on [a, b] , and
Note that B C is a Banach space with the uniform norm F ∞ = max [a,b] The space of D HK -integrable distributions is defined by
The second equality holds because The following result is known as the fundamental theorem of calculus. HK , we say that f g if and only if
The following lemma will be needed later. 
Denote by L the space of Lebesgue integrable functions and by · L the norm on L.
This definition, which is modified from [, Definition ], makes sense since BV is dense in L. Moreover, the next statement holds. 
Periodic boundary value problems
In this section, we shall study the first-order periodic boundary value problem
where Dx denotes the distributional derivative of and the inequalities
Before coming to the main results in this paper, we give a result following from Lemma ., that is, PBVP (.) can be converted to an integral equation.
Lemma . Let f and h satisfy (D  ). A function x : [, T] → R is a solution of PBVP (.) on [, T] if and only if the equality
is true for anyp ∈ HK such thatp ≥  on [, T] and
Remark . In view of Lemma ., the result eP (t) ∈ BV on [, T] implies that eP (t) (f (t) + h(s, x(s)) +p(s)x(s)) is D HK -integrable on [, T], because f (t) + h(s, x(s)) +p(s)x(s) is D HKintegrable on [, T] for all x ∈ [y, z].
As a matter of fact, the proof of Lemma . follows exactly the lines of [, Lemma .], so we omit it here.
In what follows we recall a fixed point theorem for increasing mappings, which is an important tool for proving the existence theorem.
Let E be an ordered Banach space, K be a nonempty subset of E. The mapping A : K → E is increasing if and only if Ax ≤ Ay, whenever x, y ∈ K and x ≤ y. where y n = Ay n- and z n = Az n- (n = , , , . . .),
We are now ready to give the main results. Proof Let
Theorem . Let the functions f and h in
where
p(t) is given in (D  ). Then the hypotheses (D  )-(D  ) imply, for all x ∈ [y, z], that g(·, x(·)) is Lebesgue integrable and
Define a mapping A on [y, z] by
It follows from (.) that, for each x ∈ [y, z], This result implies
In view of (.) and (.), we then have w = Ay -y ≥ , i.e., y ≤ Ay. We can similarly verify that Az ≤ z. It follows from (D  ) and (
We now only need to prove that A[y, z] is relatively compact. The properties of A imply that
Since y, z ∈ C[, T] are bounded, there exists N >  such that http://www.boundaryvalueproblems.com/content/2014/1/54
Since e P(t) (f (t) + g(t, y(t))) and e P(t) (f (t) + g 
], y() > y(T) and z() < z(T).
If 
Corollary . Given a function g, assume that g(t, ·) is nondecreasing on C[, T] for all t ∈ [, T], g(·, x(·)) is Lebesgue integrable on [, T] for every fixed x ∈ C[, T], and there exist g
± ∈ D HK such that, for all x ∈ C[, T], g -g(·, x) g + on [, T]. (.)
If p ∈ HK on [, T], p(t) ≥  with P(t) = (HK) t  p(s) ds nonzero at t = T and f is a distribution on [, T], then the PBVP
has the extremal solutions.
Proof Let y be a solution of the PBVP
and z a solution of the PBVP
According to Lemma ., it is easy to see that y, z are unique. 
This result, (.), (.) and (.) imply that each solution of PBVP (.) belongs to [y, z] , whence x * and x * are the minimal and maximal solutions of PBVP (.).
We now give an example to illustrate the main results.
Example . Consider the PBVP given by
where Dr is the distributional derivative of
Then PBVP (.) has extremal solutions.
Proof PBVP (.) can be regard as a PBVP of the form (.), where
It is easy to see that  ≤ p(t) ∈ HK and (HK) 
